Bounces, turnarounds and singularities in bimetric gravity. 
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Abstract 



In this letter, we consider cosmological solutions of bimetric theory without assuming that only one metric is coupled to gravity. 
fT} We conclude that any cosmology can be described by fixing the matter content of the space that we are not inhabiting. On the other 
hand, we show that some conclusions can still be extracted independently of the matter content filling both spaces. In particular, 
we can conclude the occurrence of some extremality events in one universe if we know that they take place in the other space. 
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DO 1. Introduction 
t-h . 

The theory of bimetric gravity assumes the existence of two 
O metric tensors interacting with each other [1]. If these met- 
0~Vic tensors have kinetic terms of the Einstein-Hilbert form and 
the equivalence principle is fulfilled, then the interaction be- 
&0tween both metric fields would lead to an elegant modification 
of general relativity, being the existence of the other gravita- 
C\J tional sector only measurable by its gravitational effects. One 
k>" could wonder why this theory has not gained a renewed inter- 
I" est as soon as the impossibility of general relativity to describe 
our universe at astrophysical and cosmological scales (at least 
without introducing ad hoc new material components) has been 

• suggested by several competing approaches (see for example 

HB B B |a B B Bl)- The principal reason is that bimetric 
£vq gravity generally presents a Boulware-Deser ghost 111 OB . which 
t— I implies an instability of the theory. Nevertheless, it has been 
^ recently shown that this undesired ghost can be discarded or 
• controlled by considering particular interactions between the 
metrics HHO ( see a l so f° r a bigravity version of f(R)). 

Thus, ghost-free bimetric cosmologies have been considered 
lTl4l IT5L ll6L [20L [2Th and matched to the observational data with 
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promising results II 1 51. 1 1711 . However, most of these studies are 



restricted to considering only a particular class of models which 
assume that no material content is present in one of the spaces. 
In this letter we explicitly consider the behavior of the theory 
in a cosmological scenario in the most general case, illustrat- 
ing that, as it could be expected, the dynamics of our Universe 
would depend on the material content of the other space in this 
framework. As that hidden matter cannot be observed directly, 
this fact could be indicating a possible degeneracy of the the- 
ory. It seems that this degeneracy could only be cured if the 
matter content of both sectors is specified from the very begin- 
ning using some argument based on fundamental principles, or 
if localized solutions are also taken into account. 

Due to the complexity of analyzing the general theory, one 



can consider whether at least some information about the cos- 
mology of one sector can be extracted from the knowledge of 
the behavior of the other universe, even without specifying the 
matter content of the spaces. It is the main aim of the present 
letter to show that this is indeed possible regarding the occur- 
rence of extremality events, as bounces, turnarounds and singu- 
larities. 



2. Cosmological solutions of the general theory 

The action of the ghost-free bimetric gravity theory found 
in 1111 has an interaction term which is a function of y — 
-y/g -1 /. That action can be re-expressed as lfl8ll 

5 = J d A xy^{R{g) + 2K) + j d A xyT^L m 

^ J £ / 4 xV r 7{^(/) + 2A} + e j d A x^f 

J d A X V = Jiint(r)' 

where the interaction Lagrangian is 

Lint =P\ «i(y) +y8 2 e 2 (r) +A*3(y), (2) 

with 
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(i) 



eiij) = tr[y]; (3) 

«2(y) = ^(tr[r] 2 -tr[ r 2 ]); (4) 

* 3 (y) = ^(tr[r] 3 -3tr[ r ]tr[ r 2 ]+2tr[ r 3 ]), (5) 

being elementary symmetric polynomials. It can be noted that 
the effective Newton constant for the /-space, eG//c, would be 
equal to that of the g-space only if e = k 111 811 . Apart from the 
effective Newton constant, the theory is completely symmetric 
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under the interchange of / and g due to the properties of the 
elementary symmetric polynomials 111 U ll 811 . 

If we consider a cosmological scenario, then, assuming that 
both metrics have the same sign of spatial curvature k, we can 
write 



and 



dsl = -dr + a(t) 2 



dr 2 



l-kr 2 



and 



dsl = -N{tf dt 2 +b(t) 2 



dr 2 



l-kr 2 



r 2 (d.0 2 + sin 2 d(p 2 ) 



+ r 2 (d0 2 + sin 2 dcf 2 ) 



(6) 



(7) 



where we are dismissing some special case solutions for par- 
ticular values of the parameters^ iflill . The modified Fried- 
man equations of both spaces can be obtained by brute force 
from the action ([T} and metrics (|6) and (0, U3H, or noticing 
that this scenario can be described by the generalized Gordon 
ansatz 01611 . These are 
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p=- 3^1+3/32 -+p 3 —\, 



for the g-space, and 



_ a i a a , 



(8) 



(9) 



(10) 



(11) 



for the /-space. We have defined the Hubble parameters as 
H g - a/a and Hf = b/(N b), where ' = d/dt. The appearance of 
the factor 1 /N(f) in the Hubble parameter Hf can be expected 
by noting that metric (0 is not expressed in terms of the cosmic 
time of this space. We can define the cosmic time of the /-space 
as 

T(t) = j N(t)dt. (12) 

Thus, we are using the usual definition of the Hubble parameter 
also in the /-space, that is Hf — b' lb with ' = d/dr. 

In view of action ([TJ, one can note that due to the diffeo- 
morphism invariance the matter stress energy tensor of both 
spaces is conserved. Thus, defining w m (a) = p m /p m and 
w m (b) = P m /p m , we have p m + 3# g [l + w m (a)]p m = and 
p' m + 3Hf[l + w m (b)] p m = 0, which can be integrated to obtain 



p m (a) = p m0 exp 



- 3 f 



da 

[1 +w m (a)] — 
a 



(13) 



'Those solutions are not compatible with considering both metrics being 
diagonal in the same coordinate patch. That can be understood noting that the 
argument presented in 1 14] regarding the classification of solutions would be 
valid for any material content of both spaces since it is based on the symmetry 
of the spaces. 



Pjb) = PmO ex P 



-3 f [l+w m (b)]^ 



(14) 



respectively. Taking into account the Bianchi identities, the 
stress energy tensor coming from the interaction term must be 
also conserved. This leads to lfl4l [l5l [l6ll 



b(t) = N(t) ci(t). 



(15) 



Therefore, the Hubble parameter of the /-space can be ex- 
pressed as Hf = d/b, which implies that the Friedmann equa- 
tions of both spaces, (O and (0, are coupled. This fact allowed 
the authors of References IU4I1 and IU5I1 to solve the system (or 
to indicate how to obtain the solutions) in the particular case 
that no material content is considered in the /-space. In a sim- 
ilar way, we could, in principle, obtain the solution of the sys- 
tem © and (0, taking into account Equations ( TTOt . (fTTT i. (fTSl . 
(fl4l and (T5[ . In the first place, multiplying Equation (|9} by 
b 2 /a 2 , subtracting the resulting expression from Equation dg), 
inserting Equations (TToT > and (fTTT i. and simplifying the result, 
we obtain the following algebraic equation: 



a -j C -I "l A. 

c\b +cj,ab oP m a b +C2fl b h — rp m a b + c\a b-coa = 0, 

(16) 

where c 4 = pV3, c 3 = j3 2 - A/(3m 2 ), c 2 = fh ~ Pil*, c\ = 
A/(3m 2 ) - fo/ic, c = Pi/(3/<), C = 8ttG/3, C = 8nGe/(3K), 
and we are simplifying notation by assuming the dependence 
of both material energy densities in their corresponding scale 
factors, those are p m (a) and p m {b). In the second place, consid- 
ering particular forms for w m (a) and w m (b) in Equations ( TT3l ) 
and (fl4l . and inserting the results in Equation (TToT l. the LHS of 
Equation (\M can be considered as a polynomial on b. Thus, 
once w m (a) and w m (b) are fixed, Equation (TToT l can be solved to 
obtain b as a function of a, at least in principle (e. g. for vv m = 
we have a quartic equation which can be analytically solved 
1 1511). In the third place, the obtained function b(a) can be in- 
serted in Equation ( TTOb and the result in Equation dHJ, which 
could be integrated considering again Equation (TT3l . Moreover, 
up to now, most studies have paid attention only to the physics 



of one space (see References 11161 119H for two interesting ex- 
ceptionOi probably because if no material content is consid- 
ered in the other space it cannot describe an inhabited universe. 
Nevertheless, once we have the functions a(t) and b(a), it is 
straightforward to obtain b(t). This scale factor can be more 
properly interpreted when it is expressed in terms of its cosmic 
time, b(r), which can also be done easily using Equations ( fTBI ) 
and (fl2l) . In summary, this procedure would allow us to know 
the evolution of both universes once w m (a) and w m (b) are fixed. 

On the other hand, it seems that one could describe any pos- 
sible cosmology in the g-space, i. e. any possible combination 
of a(t) and w m (a), by assuming a different matter content in the 
/-space, that is a different w m (b). Thus, one could think that the 
consideration of some matter content of the /-space introduces 



2 Note that in Reference fl^l a different definition of Hf is used. 
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a degeneracy on the theory, and in particular on the cosmol- 
ogy. To illustrate this different approach let us consider that 
a(t) and w m {a) are fixed and have any desired form. In this case 
we could obtain b(t) from Equation (O taking into account ( TTOb 
and ( fT3l . Thus, from Equation ( TTol l we can obtain 
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(17) 



which can be considered as a function of b, since a(b) can be, 
in principle, obtained from b(t) and a(f). Therefore, taking into 
account Equation 0141 . this procedure implies that by choos- 
ing w m (b) carefully in the /-space, we can obtain the desired 
cosmology in the g-space. 

This second approach seems to indicate that the considera- 
tion of any matter content in the /-space introduces a degen- 
eracy in the cosmological solutions of the theory. That is, it 
seems that there is a loss of predictive power since any cosmol- 
ogy could be described with arbitrary accuracy by fitting a ma- 
terial content which cannot be observed directly. As the model 
considering no material in the /-space can fit the observational 
data Il5l Il7ll . one could wonder why should we consider the 
possible existence of any hidden matter in the /-space. From a 
theoretical point of view the symmetry between the two grav- 



itational sectors 111 ll 11911 is one of the nicest characteristics of 
the theory, and postulating the absence of matter in only one 
sector from the very beginning would break this symmetry. On 
the other hand, dismissing the possible existence of this matter 
could be an assumption stronger than considering a particular 
kind of matter, if this assumption is not based in any fundamen- 
tal principles. Thus, as long as these principles are not eluci- 
dated, we are in a situation where it seems that no conclusion 
about the dynamics in both spaces can be extracted in general. 
Nevertheless, as we will show, this is not the case. 

It must be pointed out that the degeneracy mentioned above 
is only apparent and it would not be present if one goes be- 
yond the cosmological scenario. In particular, one could obtain 
the value of w m (b) by fitting the general model with future and 
more precise data, and test whether the predictions of the result- 
ing theory are fulfilled in other scenarios, for example for black 
hole solutions. Thus, the impossibility of observing directly the 
matter content of the other space does not imply a degeneracy 
of the theory itself due to the coupling of both metrics. More- 
over, the predictions of the theory are, of course, different from 
those of general relativity even without considering perturba- 
tions, at least in cases where both metrics are not proportional 
(see, e.g., Reference M22I1 for more information about the case 
where the metrics are proportional to each other). 

3. General behavior of cosmological solutions 

We emphasize that condition (TT3T > is independent of the ma- 
terial content in both gravitational sectors, since it is a conse- 
quence of the diffeomorphism invariance of action ([TJ and the 
particular symmetry that we are considering in metrics d§] and 
10. So, it seems that we could find some relation between the 
dynamics of both spaces even without assuming any character- 
istics of the matter content. In particular, we can extract some 



information about the possible occurrence of extremality events 
in one space once we know that these events take place in the 
other space. In the first place, we express b and its derivatives 
in terms of its cosmic time. So, taking into account the defini- 
tion (TTZl i in condition 0T3b . we have 



d(t) = b'(T), 



(18) 



where each scale factor is derived in terms of its cosmic time. 
In the second place, deriving Equation ( TT8l with respect to t and 
using again definition 0121) . we obtain 



a(t) = N(t) b"(r). 



(19) 



It must be noted that if for a particular t — > t* we would have 
N(t) — > 00, then, given Equation (fT2l) . that would imply r — > 00. 
In this case, the region t > t, would not be in the interioiQ of 
the /-space. On the other hand, in order to have a metric with 
a well defined Lorentzian signature in the /-space, we must 
require N(t) + 0. One could again interpret the possibility of 
attaining N(t) = as considering a region which is not in the 
interior of both spaces, since dt would be infinitely large for a 
finite dr, being, therefore, the range of definition of r outside 
that of t. Thus, it would make no sense trying to extract any 
conclusion relating the dynamics of both spaces for a vanishing 
or infinite lapse function. 

So, let us assume, for now on, that the particular times that 
we would refer to are in the range of definition of both spaces, 
i. e. < N(t) < 00, where we are taking both times pointing 
in the same direction N(f) > 0. Therefore, we can already con- 
clude that if the cosmology of the g-space present a bounce on 
a particular f», that is a(f») = and a(f„) > 0, then the cosmol- 
ogy of the /-space would have a bounce on r» = r(f») (which 
exists and is finite because we are assuming < N(t) < 00 in 
the vicinity of f»). This statement is obviously also true in the 
opposite direction, therefore, the g-cosmology has a bounce at 
t* if and only if the f -cosmology has it at t*. It is straightfor- 
ward to see that something equivalent could also be said about 
turnarounds, which are characterized by a(f») = and «(?») < 0. 
Thus, the g-cosmology has a turnaround at t, if and only if the 
f -cosmology has it at t„. 

On the other hand, the discussion of singularities is more sub- 
tle. In this case, in order to be able to extract any conclusion, 
let us follow the spirit of Reference 112411 assuming that in the 
vicinity of a singularity the scale factor of the g-space has a 
generalized power series (Puisieux series 1I25I ) expansion (see 
also [26, 27]). Thus, if the g-cosmology is born in a big bang 
singularity at f», then for t e (f», f» + 5) we could write 



a(t) s c(t- ?,)", 



(20) 



where c and n are positive numbers (not necessarily integer 
numbers) and we are writing only the dominant contribution. 



That this behavior is indeed possible, at least in principle, can be under- 
stood considering the results in 1 23] , where another scenario and bimetric grav- 
ity model was considered. The authors show that the conformal diagram of one 
space could be unable to accommodate all points for which the other space is 
defined. 



3 



Note that < n < 1 is needed to have a big bang singu- 
larity, which is characterized by a(t) — > 0, d(t) — > oo and 
a(t) — » -oo, when f — > f«. Due to Equations ( fT8l ) and ( fT9] l, 
we have Z/(r) — > oo and fe"(r) — > -oo, when t — > t«. So, as- 
suming that b(r) can also be expanded in a generalized power 
series, we should have 



b(j) d(T-T*) m +C, 



(21) 



with < m < 1 and d > 0, to be able to reproduce the de- 
sired divergences in b'(f) and b"(f). Thus, a £>/g bang in the 
g-universe implies also a singular origin for the f -universe, al- 
though it can born at a vanishing or non-vanishing (finite) size. 
It can be noted that a similar argument would be valid with a 
big crunch. 

Following a similar procedure, we can consider that the g- 
cosmology ends its evolution in a big rip singularity [28], im- 
plying that for t € (f* - 6, ?») 



a(t) a ci{U -t) "', 



or in a big freeze J29 1 

a(t) a m - c 2 (f* - f)" 2 , 



(22) 



(23) 



with ci, C2, «i > and < «2 < 1. That is because these 
singularities are both characterized by a(t) — > oo and a{t) — > oo, 
for f — > ?*, being also a(f) — > oo for the big rip case, whereas 
a(i) — > a m > for the big freeze. Thus, these singularities 
differ on the value of the scale factor but not on the value of its 
derivatives. Therefore, taking into account Equations (fT8l and 
( fT9l l. we get in both cases 



Wt)« 



(T. - T) 



-m+ 1 



+ c, 



(24) 



with <f, m > to have b'(j) — > oo and £>"(t) — > oo, when r — > 
r». Nevertheless, we cannot say whether m > 1, which would 
imply a big rip, or < m < 1, which corresponds to a big 
freeze. Anyway, we can conclude that a big rip or big freeze 
doomsday for the g-universe implies also the occurrence of a 
big rip or big freeze at a finite time in the f -space. 

In conclusion, a systematic classification of singularities at 
finite and infinite in both g and / spaces is needed in the sense 
discussed in l30ll . 

4. Discussion and conclusions 

In this letter we have pointed out the two different approaches 
that one could follow when studying cosmological scenarios in 
bimetric gravity. The first one entails the consideration of a par- 
ticular matter content in both spaces and completely fixes the 
dynamics of both universes. Whereas the second one points out 
that if the material content of both spaces is not fixed by funda- 
mental principles, then any desired universe (scale factor) filled 
with any material can be generated, or reconstructed, by choos- 
ing carefully the hidden matter. Nevertheless, we have shown 
that some general conclusions about the dynamics of both uni- 
verses can be extracted without restricting the analysis to par- 
ticular material contents. That is, due to the diffeomorphism 



invariance, we can say that a bounce (turnaround) of one uni- 
verse implies the occurrence of such event in the other universe 
at a corresponding cosmic time. The presence of cosmic singu- 
larities in both spaces can also be concluded, since the divergent 
behavior of the derivatives of both scale factors in terms of their 
respective cosmic times can be easily related to each other. 

Finally, we want to stress that the results presented in this 
letter apply as long as < N(t) < oo and both metrics can be 
expressed in the form considered in ((6) and Q, that is, when 
both spaces are inside each other (the range of definition of t 
is inside that of r and vice versa) and the metrics can be taken 
to be diagonal in the same coordinate patcrQ. It is known that 
the stress energy tensor associated to the interaction term of 
one of the spaces should violate the null energy condition (if 
it is not saturated) when the corresponding stress energy tensor 
in the other space fulfills it [19]. Thus, we expect that there 
would be particular cases where the total stress energy tensor of 
one space violates the null energy conditions whereas the total 
stress energy tensor of the other space fulfills it, which would 
necessarily imply that the singularities of both cosmologies, if 
any, are of a different type. Nevertheless, this behavior should 
correspond to a situation where the assumptions no longer hold, 
that is, that singularity would take place in one space outside the 
range of definition of the other space. 
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